The performance analysis of free space optical communication (FSO) system using relays and spatial diversity at the source is studied in this paper. The effects of atmospheric turbulence and attenuation, caused by different weather conditions and geometric losses, have also been considered for analysis. The exact closed-form expressions are presented for bit error rate (BER) of M-ary quadrature amplitude modulation (M-QAM) technique for multi-hop multiple-input and singleoutput (MISO) FSO system under log-normal fading channel. Furthermore, the link performance of multi-hop MISO and multi-hop single-input and single-output (SISO) FSO systems are compared to the different systems using on-off keying (OOK), repetition codes (RCs) and M-ary pulse amplitude modulation (M-PAM) techniques. A significant performance enhancement in terms of BER analysis and SNR gains is shown for multi-hop MISO and multi-hop SISO FSO systems with M-QAM over other existing systems with different modulation schemes. Moreover, Monte-Carlo simulations are used to validate the accuracy and consistency of the derived analytical results. Numerical results show that M-QAM modulated multi-hop MISO and multi-hop SISO FSO system with relays and spatial diversity outperforms other systems while having the same spectral efficiency for each system.
I. INTRODUCTION
Free space optical communication (FSO) is a rapidly evolving technology to handle high data rate and has very huge information handling capacity. FSO systems are proven an alternative to the fiber optics technology. In many cases, only the free space transmission is possible to establish a connection between the source and the destination over a lineof-sight (LOS) path. Optical signal transmission in free space has explored the unexplored areas in wireless communications for decades and appearing as the key of many systems for varieties of applications, such as radio frequency (RF) wireless transmission, satellite communications, long-haul connections and optical fiber back up, etc. FSO systems have to face many challenges, mainly atmospheric turbulence, beam wandering, beam attenuation, weather attenuation, geometric losses and scintillation [1] .
A. Related Works
In literature, different types of channel models have been proposed to exactly model the atmospheric turbulence which matches well with the experimental results. Log-normal, gamma-gamma and negative exponential channel models are used for weak, strong-moderate and strong turbulence conditions, respectively [2] [3] [4] . Fading and attenuation has affected the performance of FSO systems in large extent. Turbulence and weather conditions, such as snow, fog and haze also affecting the FSO transmission. Further, geometric loss has also lessened the performance of FSO systems. In previous works, varieties of spatial diversity techniques have been proposed to mitigate the effect of atmospheric turbulence in FSO communications [5, 6] where three primary spatial diversity schemes are more popular among the available diversity schemes, such as orthogonal space time block codes (OSTBCs), transmit laser selection (TLS) and repetition codes (RCs). Here, TLS is considered as the best spatial diversity scheme with channel state information (CSI) at the source end, but at the cost of increased system complexity [7, 8] . With moderate system complexity in different channel conditions, RCs outperforms its counterpart OSTBCs. Apart from spatial diversity schemes, some other techniques have also been proposed to mitigate turbulence effects such as relay assisted techniques [8] , errorcorrecting codes [9, 10] and maximum likelihood estimation [11] , out of which relay assisted technique appears to be prominent as several short links are used instead of a long communication link for efficient data transmission over FSO channels.
B. Motivation and Contribution
In previous works, most of the systems introduced are using pulse amplitude modulation (PAM) as a high level modulation technique, but very few have considered to use quadrature amplitude modulation (QAM) scheme, which is the motivation behind this work. In this paper, with the help of decode and forward (DF) relay for intensity modulation and direct detection (IM/DD), M-ary QAM (M-QAM) modulation is used against a log-normal fading channel to study the link performance of different architectures of FSO systems for short distance communication links under different weather conditions. Here, bit error rate (BER) is considered as a performance metric which is used to measure the performance of the FSO system. For analysis purposes, the effect of turbulence, path loss, scattering and scintillation have also been taken into account. Assuming the correlation effects among the transmitters, the performance of multi-hop multi-input and single-output (MISO) and multi-hop single-input and singleoutput (SISO) system with M-QAM is compared with multihop MISO and SISO system using M-PAM, MISO with RCs and OOK and SISO with on-off keying (OOK) [12] . In all cases, it is assumed that the spectral efficiency is same. At the receiver, maximum likelihood (ML) decoding technique is employed for receiving the M-QAM signals.
C. Organization
The rest of the paper is organized as follows: in Section II, the DF relay FSO system is described for multi-hop MISO configurations under various modulation techniques and the mathematical expressions of BER have been presented for M-QAM and M 2 -QAM modulation schemes. Section III presents the numerical results where the parameters, considered for simulation purposes, are tabulated in Table I . Section IV concludes the work.
II. SYSTEM DESCRIPTION

A. Multi-hop DF relay System 1) M-QAM Transmission:
For transmission of signals, a MISO system is considered with M transmitters in the form of lasers and a photo detector as receiver, which is shown in Fig.  1 . At the source, transmission of signals is in the form of binary data, modulated by a M I × M Q electrical-QAM modulator. For the transmission through M paths, mapping of data symbols into QAM symbols is done with the help of Gray coding. In addition, to mitigate the spatial correlation effect, sufficient channel distance is considered.
The probability of error of QAM signals can be easily calculated from the probability of error of PAM signals as the phase-quadrature signal components can be perfectly extracted at the QAM demodulator. For the M-ary QAM signals, the probability of a correct decision is written as [13] 
where P √ M is the probability of error for √ M-ary PAM with half the average power in each quadrature component of the signal of the corresponding QAM system. The probability of error of M-ary PAM can be written as
where γ represents the average SNR per symbol. Consequently, the probability of a symbol error for M-ary QAM signals can be written as
which is valid for M = 2 k and even k. By using the optimum detector, the tightly upper bounded symbol error probability can be written as
Here, introduction of relays creates some effect in FSO system for SISO and MISO configurations with the help of DF relays, which helps to achieve significant improvement in the link performance. For the system under consideration, (K − 1) DF relays are set up in between the source and the destination for K hops. The received signal at the kth hop can be written as 
As the identical statistical properties are considered for all hops, the above expression (6) can be approximated by
The conditional BEP of M-QAM is given as [14] P(e|γ) ≈
and the instantaneous SNR γ is given by
where P implies the signal power and R signifies the bit rate. Now, by applying the approximate Q function [12] on (8), the conditional BEP of M-QAM can be written as
which is the general expression of the conditional BEP for FSO system using M-QAM. Now, the BER expression of the kth hop can be derived using Hermite polynomial and Q-function approximation as in [12] . The closed-form expression of BER for M-QAM modulation can be written as [12] BER k ≈
where G = 2 1 − 1 √ M /(log 2 (M) √ π), β kn represents the normalized path loss coefficient, x i and w i are the zeros and the weights of the Hermite polynomial, σ 2 k is the channel variance and γ is the average SNR. Substituting (11) in (6) and (7), the upper bound and the average BER expressions of multi-hop system can be obtained, respectively. The BER expressions of M-PAM, SISO with OOK, and MISO with RCs and OOK are taken from [12] for analysis and comparison purpose.
2) M 2 -QAM Transmission: The M 2 symbols of M 2 -QAM made up of an in-phase and quadrature phase component basis function, orthogonal to each other. In each symbol duration, the two basis functions are modulated with the independent data resulting a multiplication by a series of M amplitude values to each basis function to comprise the M 2 symbols [15] . The constellation of QAM shows a two dimensional regular array of points and the minimum spacing between the points is prescribed by the amount of DC bias added by virtue of the non-negativity constraint, which is [15] 
where R signifies the bit rate. The probability of symbol error is estimated by using the union bound approximation [12] . By evaluating the average number of neighbors d min away from every constellation point, P esym is approximated as
where R s = R/log 2 M 2 . By applying the Gray coding approximation, the conditional BEP of M 2 -QAM is given by [15] 
where instantaneous SNR γ = 2P 2 σ 2 n R . Now, applying the approximate Q function on (12) , the conditional BEP of M-QAM is given as
which represents the typical expression of the conditional BEP for the FSO system with M 2 -QAM. The closed form expression of BER of M 2 -QAM modulation derived as discussed earlier, can be written as
where G = 2 M − 1 /Mlog 2 M √ π and β kn is the normalized path loss coefficient with reference to the direct link of the multi-hop system. Substituting (14) in (6) and (7), the upper bound BER expression and the average BER expression for the multi-hop system can be retrieved, respectively. 
B. MISO multi-hop DF relay system
This is a hybrid technique which uses the advantages of FSO systems with relays and transmit diversity to deteriorate the channel attenuation and turbulence effects. The block diagram of this system model is shown in Fig. 2 . Here, K − 1 relays are employed to receive the signals from N t transmitters which, simultaneously, re-transmit those signals with the help of RCs. For this system, the number of hops are considered identical with the number of transmitters per relay. The signal received at each hop can be given as
Similarly, using the conditional BEP expression for M-QAM, the BER expression for kth hop can be written as [12] BER k ≈
and using the conditional BEP equation of M 2 -QAM, the BER expression for the kth hop has been given as
where F = 2 1 − 1 √ M /log 2 (M) for (16) and F = 2 M − 1 /Mlog 2 M for (17) and c i j represents the (i, j)th coefficients of the spatial covariance matrix Γ sq = Γ 1/2 . By substituting these results in (6) and (7) , expressions of the upper bound BER and the closed-form average BER of the multi-hop MISO system can be obtained, respectively. The BER expressions for other configurations of FSO system are shown in [12] .
III. NUMERICAL ANALYSIS AND DISCUSSIONS
Numerical results are presented in this section which verify the derived analytical results using Monte-Carlo simulations. For simulation purposes, a minimum of 10 6 bits are relayed for respective SNR values and increases with increasing SNR. The parameters needed to achieve a target BER of 10 −9 are defined and tabulated in Table I . Further, all hops are considered equidistant with each other. The scintillation index (SI) is ≤ 0.75 for log-normal channel and σ x = ln(SI) + 1/2 [16] . Hence, for SI = 0.75, σ x ≤ 0.374 is required, which represents the maximal value assumed for the analysis purpose. number of transmitters. Furthermore, results show that, multihop MISO system outperforms multi-hop SISO system by 3.1 dB and 3.33 dB, respectively, for 8-QAM and 8-PAM.
In Fig. 4 , BER for multi-hop FSO system with two relays and one or three transmit lasers has been shown under light fog conditions for 8-QAM, 8-PAM, MISO with RCs and OOK and SISO with OOK modulation schemes. For two relay multi-hop system, 8-QAM modulation scheme provides an equal spectral efficiency for SISO and MISO systems. Derived analytical results show that multi-hop system still outperforms other systems and the increment in the performance of the system is significant. For 8-PAM modulation scheme, SNR gains of 43.13 dB and 47.64 dB are achieved at the target BER of multihop MISO and multi-hop SISO systems in comparison with MISO with RCs and OOK and SISO-OOK modulated systems, whereas using 8-QAM technique, system outperforms the 8-PAM system with 13.34 dB and 13.66 dB of SNR gains for multi-hop MISO and multi-hop SISO systems, respectively. In addition, 8-QAM and 8-PAM multi-hop MISO systems provide the performance gain of 1.16 dB and 1.48 dB over the 8-QAM and 8-PAM multi-hop SISO system, respectively.
IV. CONCLUSIONS
The effects of moderate turbulence under clear weather condition and weak turbulence under light fog conditions on the performance of different types of FSO systems are studied in this paper. It is evident from the derived analytical results that diverse conditions in the atmosphere have a huge effect on the performance of MISO and SISO multi-hop FSO systems. Furthermore, multi-hop MISO system with M-QAM modulation outperforms other systems, such as SISO with OOK, MISO with RCs and OOK and M-PAM multi-hop SISO and MISO systems in terms of SNR gains and BER performance considering the same spectral efficiency for all the systems. Moreover, the results also demonstrate that multihop systems are capable of mitigating the effects of turbulence and path losses caused by geometric losses and attenuations, whereas MISO systems can counteract turbulence effects only. Consequently, it can also be stated that the overall performance of the FSO system can be improved significantly by increasing the number of relays where the introduction of spatial diversity could also be of great importance as well.
